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A New Computational Method for non-LTE, 
the Linear Response Matrix . 

Judith A. Harte, Richard M. More, George B. Zimmerman, Stephen B. Libby, Frank 
R. Graziani and Kevin B. Fournier 

My coauthors have done extensive theoretical and computational calculations that lay the 
ground work for a linear response matrix method to calculate non-LTE (local thermody- 
namic equilibrium) opacities. I will give briefly review some of their work and list refer- 
ences. Then I will describe what has been done to utilize this theory to create a 
computational package to rapidly calculate mild non-LTE emission and absorption opaci- 
ties suitable for use in hydrodynamic calculations. The opacities are obtained by perform- 
ing table look-ups on data that has been generated with a non-LTE package. This scheme 
is currently under development. We can see that it offers a significant computational speed 
advantage. It is suitable for mild non-LTE, quasi-steady conditions. And it offers a new 
insertion path for high-quality non-LTE data. Currently, the linear response matrix data 
file is created using XSN’. These data files could be generated by more detailed and rigor- 
ous calculations without changing any part of the implementation in the hydro code. The 
scheme is running in Lasnex and is being tested and developed. 

The radiative properties of dense plasmas, such as stellar interiors, are usually studied 
using LTE methods. But we are often interested in applications that require non-equilib- 
rium kinetic models such as low density plasmas and intermediate plasmas (e.g. laser pro- 
duced plasmas) that combine high densities, a significant radiation environment and non- 
LTE populations. 

Richard More2 and his colleagues have done extensive work to model such non-LTE plas- 
mas using the methods of non-equilibrium thermodynamics. They have derived a linear 
response matrix, Rvvl, that is symmetric as required by the non-equilibrium thermody- 
namic principles of energy conservation and minimum entropy production and by the 
Onsager relations and linear over a surprisingly large range (even up to + or - 50% 
changes in the photon temperature). R,,> is defined as follows: 

(K:, - K;)B, = ~ jR,,, (“I - Bv’) dV’ 
dB,l 

1. W.A. Lokke and W. Grasberger, UCRL-52276 (1977); G. B. Zimmerman and R. M. More, J. Quant. 
Spectrosc. Radiat. Transf. 23,517 (1979) 

2. Richard More and Takako Kato, PRL 81, 814 (1998) 
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To understand R,,,,] we will describe how it is calculated. Consider an ion interacting with 
radiation which is approximately a black body at the temperature of the free electrons. The 
difference between the actual radiation and the black body field causes non-equilibrium 
populations of excited states in the ion and leads to a net difference of emission and 
absorption rates. The difference of emission and absorption at frequency v is a function of 
the deviation from the black body spectrum at frequency v’ and can be described as a 
response matrix, R,, *. In order to generate an n x n response matrix, n non-LTE calcula- 
tions are preformed. Each calculation is done with a photon spectrum that is perturbed by 
altering a black body equilibrium spectrum, B,(T) where 

3 
B,(T) = A 

B,,(T) is the specific intensity of radiation at frequency, v, for a temperature, z both in 
units of energy. A is a constant. The black body spectrum is altered by increasing the radi- 
ation intensity by a small factor, say 0.01, over a narrow frequency range, v’. The net radi- 
ated power at all frequencies is then calculated. It can be positive (emission) or negative 
(absorption) and is found to be linearly proportional to the change in the radiation inten- 
sity, dIvj = I,,)-B,,) , for small perturbations. 

More and Kato3 have studied R,,,,? for aluminum using calculations performed with the 

collisional-radiative (CR) model of Fujimoto and Kato4 at near -LTE conditions and with 
the Livermore XSN package which is a non-LTE, screened-hydrogenic average atom 
model. These two “codes” give quantitative agreement good to -20% for the linear 
response matrix. The symmetry of R yVJ provides a consistency test for non-LTE models. 
In fact, a bug in the XSN code was found when these calculations were done and a non- 
symmetric matrix was obtained. Upon fixing the bug, the matrix obtained was symmetric. 

How do we propose to use this formalism to produce fast non-LTE emission and absorp- 
tion opacities for a radiation hydrodynamics code? It is the linearity of the response matrix 
that is the basis for the scheme. To implement it we must both create a data base with a 
non-LTE atomic physics code and then use this data base in the hydro code. Rather than 
creating the linear response matrix R,,> described, we form two similar n x n matrices. 
One is for emission opacities and one for absorption opacities because Lasnex requires 
both. Emission and absorption opacities are then calculated with a table look-up proce- 
dure. 

In my work, on a pre-set material density, p, and temperature grid, 50 XSN calculations 
are performed to generate 50 x 50 matrices at each (p,T) point that describe the linear 
response of both the emission and absorption opacities at the 50 specified frequencies. The 

3. ibid. 
4. T. Fujimoto and T. Kato, Phys. Rev. A 30, 379 (1984) 
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LTE opacities (where I,, = B,) and the opacities assuming I,=0 (for future work to provide 
realistic limiting values) are also stored in the table at each (p,T) point. The required data 
file for this case contains about one million numbers (8 megabytes using double’s). The 
XSN calculations are done on a finer frequency mesh (300 groups). Six neighboring 
groups are perturbed and the results are averaged to the 50 group structure to be used in 
the simulation code. XSN has many parameters to set. We choose them carefully to 

orrespond exactly to the ones that we’ll use in Lasnex for comparison. 

In order to avoid dividing by the exponentially small numbers in the tail of the black body 
distribution, we divide the perturbed distribution by dBJdT, as in the definition of R,,,,). 
The actual values stored in the lrm (linear response matrix) table are 

for both absorption and emission. Also we store the LTE absorption and emission opaci- 
ties, 

All of these have peen properly averaged to the course groups. 

Finally, the implementation in the simulation code requires reading and storing the data 
from the data file and using it to calculate the non-LTE opacities. To calculate the non-LTE 
emission and absorption opacities from the tabular data we do log-log interpolation in 
(p, T) space for each zone and frequency on the logarithm of the LTE emission and absorp- 
tion opacities and on the linear response matrices, that is, on the two n x n (50 x 50) matri- 
ces. The affect of a non-LTE photon distribution on the opacity at a given frequency, v, is 
then computed by summing the linear response over all the frequencies times the corre- 
sponding perturbation of the photon intensity. 

LTE 
Kv =KV + c LRM,,, 

v’ 
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We are just inverting the process used to create the linear response data. We have found it 
necessary to impose a ceiling on the size of the perturbation, the (I,> -B,p) and we are still 
testing and developing the limits of the algorithm. 

Since non-LTE XSN already runs “in-line” in Lasnex, it’s easy to test the new coding to 
see if it is working properly, by doing the same calculation with the lrm formalism and 
with a full XSN non-LTE calculation. I have done that and show results for aluminum at a 
low density (p=.23 g/cc) and 1 keV in the presence of a black body photon spectrum that 
has been perturbed by increasing the photon intensity to double its value for all frequen- 
cies from 0.19 to 0.33 keV. The lrm results compare very well with the XSN results. (XSN 
averages the neighboring points in order to broaden and lower the “lines.” We have not 
chosen to do that in our averaging process and that is evident in these plots.) Similar calcu- 
lations were performed to monitor the sensitivity of the results to the interpolations in 
(p,T) and the results look very reasonable. 

We have also performed simulations to model an experiment in which an aluminum slab 
would be placed in a hohlraum and exposed to a hot radiation spectrum at a temperature 
of, say 150 keV. We compared a non-LTE XSN with a lrm calculation. The two were 
nearly the same. The lrm took less than half the total cpu time. Larger speed-ups should be 
possible, but that is not our focus right now. 

We are continuing to test and refine the model in hopes that it will be a useful and efficient 
tool for modeling non-LTE physics, especially for the very large meshes, as required for 
three-dimensional problems. 

This work was performed under the auspices of the U. S. Department of 
Energy by Lawrence Livermore National Laboratory under contract No. 
W-7405-Eng-48. 
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NLTE linear response matrix lY 

Emission - absorption 

i 
( +~,a) B,= 

Deviation from 
black-body spectrum 

+ 

l This definition fits the framework of nonequilibrium thermodynamics, 
so Rv,V’ should obey Onsager relations 

. Rvvt 9 is useful for transport calculations 

l This definition leads to a large range of linear response 
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R ,, vI is not the matrix of atomic rates 9 LY 

l R,,vl is calculated from the rates but only refers to the photon 
spectrum 

. RvvI 9 has a simple, fixed format 

- independent of ion stage 
- independent of coupling (ii, LS, intermediate or C.I.) 

. Rvv’ has a direct relation to the transport equation and 
electron-photon coupling coefficient 

l Applies to quasi-steady near-LTE plasma 

1 
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NLTE by linear-response method* 

Actual Black-body 
perturbed at Te 
radiation 

w Rigorous test of code 

-Verifies nonequilibrium thermodynamics 

l The linear range is large! 

l Results from Kato-Fujimoto CR model 

l Results from average-atom model 

*Steady-state NLTE 
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We have developed a new theory or 
near-LTE non-LTE Dlasmas 

l Calculated the linear-response function for 3 NLTE 
codes (average atom plus NIFS and LLNL CR codes) 

l Symmetric response function is a test of the NLTE 
code 

l We find a large range of linear response 
l Simple formulation of radiation transport with NLTE 
l Working on a NLTE data-base system 
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LRM Computational Chores 

. “Off line” -- Build linear response matrix data file 

. “On line” -- Calculate (by table look-up’s) the non-LTE 
emission and absorption opacities, 
Qa(p,T) and qJe(p,T), 
and’use them in the simulation code 
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Near-LTE steady-state kinetics result can 
be reproduced by a linear-response matrix. 

Photon 
spectrum 

INPUTS OUTPUTS 
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I PJe 

NLTE 
CODE 
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. . . 

i 
I 

Spectral 
> opacity 

l The plasma simulation needs only the emission, 
absorption coefficients 

l A vector { I, } produces vectors { qe }, { ~~~ } 

If the response were linear this would be matrix 
multiplication 

l Near LTE, we can expect I, = B, and Kve = Kva 

In this case, 

- Kva ) is a linear function of (lv - - B, I v 
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Screened hydrogenic model produces 
a symmetric response matrix Rvvl . 3 
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Aluminum plasma 
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Response function does not depend strongly on the 
strength of the perturbation IN 
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Building the Linear Response Matrix 

. Density - Temperature Grid 
13x15 

. Photon Frequency Grid 
50 groups 
(same for table and simulation) 

. Run XSN 50 times for each (p,T) point (-IO4 calls) for 
LRMvv, ; qecLTE); qatLTE) 

. Table size: 
(50 x 50 x 13 x 15 x 2) + LTE opacities 
-1 million doubles 
-8 Mega.bytes 
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LRM Chores in the Simulation Code 

. Read and store the information from the data file 
(Assume, for now, the frequency group structure in 

the simulation code matches the table.) 

. Form the non-LTE emission and absorption opacities, 
IC~~(~,T) and K~~(~,T). (Here is were the work is.) 

. Use K~~(~,T) and K,,,~(~,T) for transport and coupling. 
That’s already done in Lasnex. 
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Hohlraum opacity experiment measures emission 
and absorption opacities for near - LTE plasma lY 

Quasi-steady plasma conditions 
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l How important are small deviations from blackbody spectrum? 
l lfK,e= K: over some spectral range, does that imply LTE? 

j l What are characteristic deviations from LTE? 
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LRM Test Calculation: AI with a non-LTE I, 

Fractional difference (K~~-K~~)/K~~ vs. frequency 
LRM and XSN compare well when.nlt 
(except at that one point=> 

effect is > 
averaging ‘i 
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